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Abstract
The absorption cross section for the the warped AdS3 black hole background shows that it
is larger than the area even if the s-wave limit is considered. It raises some question whether
the deviation from the areal cross section is due to the warped configuration of the geometry
or the rotating coordinate system, where these two effects are mixed up in the warped AdS3
black hole. So, we study the low-frequency scattering dynamics of propagating scalar fields
under the warped AdS3 background at the critical point which reduces to the BTZ black hole
in the rotating frame without the warped factor, which shows that the deformation effect at
the critical point does not appear.
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There has been much attention to three-dimensional gravities since it might be a potential test
bed to quantum gravity. In the Einstein-Hilbert action with a cosmological constant, there are
no propagating degrees of freedom in the bulk even though there is a asymptotically AdS3 black
hole solution called the Bandos-Teitelboim-Zanelli (BTZ) black hole [1]. Moreover, if we consider
the gravitational Chern-Simons (GCS) term [2] additionally, there has a single massive graviton
mode propagating in the bulk, where the BTZ black hole as a trivial class of solutions [3] leads to
unstable vacua of AdS3 black holes. Recently, there have been many intensive studies on the issue
of “chiral gravity” and “missing gravitons” [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].
The three-dimensional Einstein gravity with a negative cosmological constant Λ = −2/ℓ2 and
the GCS term with the coupling constant of 1/µ [4] is defined by
S =
1
2κ2
∫
d3x
√−g
(
R+
2
ℓ2
)
+
1
4κ2µ
∫
d3x
√−gǫ˜λµνΓρλσ
[
∂µΓ
σ
νρ +
2
3
ΓσµτΓ
τ
νρ
]
, (1)
where κ2 = 8πGN associated with the three-dimensional Newton’s constant GN , ǫ˜
λµν is a tensor
defined by ǫλµν/
√−g with ǫ012 = 1, and µ ≡ 3ν/ℓ is the dimensionless coupling constant. If we
choose a positive sign for the Einstein-Hilbert term as above, the black hole has a positive energy
for µℓ > 1 while massive gravitons have the negative energy. Apart from the unstable solution, the
“warped AdS3 vacua” has been proposed as a fibration of the real line with a constant warp factor
over AdS2 geometry, which reduces the SL(2, R)L×SL(2, L)R isometry group to SL(2, R)×U(1)
[16]. Among the solutions of the cosmological topologically massive gravity (CTMG), the only
closed time-like curve(CTC)-free one is known as the spacelike stretched black hole (simply called
“warped AdS3 black hole”), which has been also studied in Refs. [17, 18].
One of the most intriguing properties of the warped black hole is that the whole spacetime
is rotating in the sense that the angular velocity of the geometry cannot vanish even in spite of
the vanishing angular momentum of the warped black hole, which is drastically different from the
standard BTZ black hole. It means the whole spacetime is nothing but the ergoregion so that the
geometry of the warped AdS3 black hole looks like inside the ergoregion of a rotating black hole.
In other words, there is no static observer in our spacetime except the infinity [20]. This property
of the geometry is valid for ν ≥ 1 in this black hole.
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Recently, there has been the study of the behavior of a scalar field on the spacelike stretched
black hole background and its absorption cross section using the low-frequency scattering procedure
[19], in which the absorption cross section in the s-wave sector of propagating scalar fields under
the warped AdS3 black hole for ν 6= 1 is given by
σµ=0abs = AH + d(ν, TR, TL), (2)
where AH is the area at the horizon and d(ν, TR, TL) is the positive deformation factor depending
on the warped factor with the left-handed and right-handed temperatures. It shows that the
absorption cross section is larger than the expected value of area. However, it is still unclear
whether the origin of this large cross section is due to the warped effect of the geometry or the
rotating effect from the entire ergoregion mentioned earlier.
So, we would like to study what the relevant origin to this deformation of the absorption cross
section is for this warped AdS3 black hole. For this purpose, we will exclude the warped effect
from the warped AdS3 black hole, which will be realized simply by setting ν = 1 condition to the
warped metric so that only the rotating effect remains. Then, the resulting metric is just the BTZ
solution in the rotating frame; however, the ergoregion is maintained in that the whole spacetime
is still ergoregion even in this limit. It is noteworthy that, in the BTZ limit in the warped black
hole and the standard BTZ solution in the CTMG, the former case still does not have a vanishing
angular velocity at all, while the latter case can have a vanishing angular velocity limit. They are
related by the coordinate transformation which makes the latter spacetime outside the horizon
into the totally ergoregion.
In this paper, we shall investigate the absorption cross section for a propagating scalar field in
the background of the entirely rotating geometry which corresponds to the critical case of ν = 1
for the warped AdS3 black hole. Actually, this critical case is ill-defined in the above formula
(2) so that we have to calculate relevant equations by setting ν = 1 from the beginning. As a
consequence, we will find the areal scattering cross section, which implies that the warped effect
than the rotating effect is responsible for the deformation of the absorption cross section.
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Now, varying the action (1) with respect to the metric leads to the bulk equation of motion,
Gµν − 1
ℓ2
gµν +
ℓ
3ν
Cµν = 0, (3)
where the Cotton tensor is
Cµν = ǫ
λσ
µ ∇λ
(
Rσν − 1
4
gσνR
)
. (4)
The warped AdS3 black hole solution is given by [16],
(ds)2 = −N2(r)dt2 + ℓ2R2(r)(dθ +N θ(r)dt)2 + ℓ
4dr2
4R2(r)N2(r)
, (5)
for ν2 > 1 where the metric functions are
R2(r) =
r
4
(
3(ν2 − 1)r + (ν2 + 3)(r+ + r−)− 4ν
√
r+r−(ν2 + 3)
)
, (6)
N2(r) =
ℓ2(ν2 + 3)(r − r+)(r − r−)
4R2(r)
, (7)
N θ(r) =
2νr −
√
r+r−(ν2 + 3)
2R2(r)
. (8)
They were already discovered in Refs. [21, 22] as a marginal deformation of the SL(2, R) Wess-
Zumino-Witten model in the context of string theory and discussed the connection with the warped
solution [23] and the dual CFT description of TMG with the warped boundary conditions [24] in
Ref. [16]. It is closely related to the solution originally discovered in Refs. [17, 18], which is
connected with the coordinate transformation that breaks down at the critical point of ν = 1 and
the negative ν yields some unphysical results.
Now, we are going to pay attention to the critical point of ν = 1 so that the metric functions
should be reduced to
R2(r) = r (
√
r+ −√r−)2 , N2(r) = ℓ
2(r − r+)(r − r−)
r(
√
r+ −√r−)2 , N
θ(r) =
r −√r+r−
r(
√
r+ −√r−)2 . (9)
They can be expressed in terms of the standard form of the BTZ black hole by the coordinate
transformation [20],
t =
ρ+ − ρ−
ℓ
τ, θ = ϕ− 1
ℓ
τ, r =
ρ2
ρ+ − ρ− . (10)
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Using this coordinate transformation, we can easily show that the thermodynamic internal energy
of scalar fields on this metric (5) is not the same with that of the BTZ black hole background while
the entropy and the angular momentum are identical to that of the BTZ black hole, respectively.
The Killing vectors are defined as χa ≡ ξa +ΩHφa where the angular velocity is
ΩH ≡ − gtθ
gθθ
∣∣∣∣
H
= − 1√
r+(
√
r+ −√r−) , (11)
where the subscript H denotes the value at the horizon of r = r+. Then, the Hawking temperature
can be found from the surface gravity defined as κ2H = −12(∇aχb)(∇aχb)|H , which is
TH ≡ κH
2π
=
1
2π
(
1 +
√
r−
r+
)
, (12)
which is related to those of the BTZ black hole, ΩH = [ℓ/(ρ+ − ρ−)]
(
ΩBTZH − 1/ℓ
)
and TH =
[ℓ/(ρ+ − ρ−)]TBTZH , respectively.
On the other hand, as shown in Ref. [19], the deformation factor in Eq. (2) can be computed
as
d(ν, TR, TL) =
64π2ν3(ν2 + 2)(ν2 + 4)
3(ν2 + 3)(ν2 − 1)
[
1 +
1
4ν
√
(ν2 + 3)
(
1− 3(ν
2 + 3)(ν2 − 1)TR
8πν2(TL + TR)2
)]
. (13)
Note that the factor diverges when ν → 1, and the analysis in Ref. [19] is no more valid for this
case. The reason for this is that the functional transformation of the hypergeometric function is
singular at ν = 1, which implies that the matching procedure and the corresponding result can be
drastically different from the case of ν 6= 1. So, for ν = 1 which is free from the warped effect,
we have to study whether the deformation can survive or not. As was mentioned, the BTZ black
hole in the rotating frame is different from the original one in that the ergoregion is the whole
spacetime so that the static observer does not exist.
Now, let us start with the Klein-Gordon equation of the massless scalar field on the spacelike
stretched warped AdS3 black hole background,
1√−g∂µ
(√−ggµν∂νΦ) = 0, (14)
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where Φ = Φ(t, r, θ). Using the separation of variables of Φ(t, r, θ) ≡ Φ(r)e−iωt+iµθ , the radial
equation of motion can be written as
Φ′′(r) +
(2r − r+ − r−)
(r − r+)(r − r−)Φ
′(r)− βr + γ
(r − r+)2(r − r−)2Φ(r) = 0, (15)
where
β ≡ −ω
2(
√
r+ −√r−)2 + 2µω
4
, (16)
γ ≡ −µ(µ− 2ω
√
r+r−)
4
(17)
and the prime denotes a derivative with respect to r. The general solution is found in terms of the
second kind hypergeometric functions,
Φ(r) = C1
(r − r+)α+
(r − r−)−α−
F
(
α+ − α−, 1 + α+ − α−, 1 + 2α+; r+ − r
r+ − r−
)
+ C2
(r − r+)−α+
(r − r−)α− F
(
−α+ − α−, 1− α+ − α−, 1− 2α+; r+ − r
r+ − r−
)
(18)
where α± ≡
√
βr±+γ
r+−r−
.
If we consider the near-horizon limit of r ≃ r+, the general solution becomes
Φnear(r) ≃ Cˆ1 (r − r+)α+ + Cˆ2 (r − r+)−α−
= Cˆ1exp [α+ ln(r − r+)] + Cˆ2exp [−α− ln(r − r+)] , (19)
where Cˆ1,2 ≡ C1,2 (r+ − r−)−α− . Note that in the low-frequency limit of ω << 1, we have the
purely imaginary in the exponent since
√
βr+ + γ = i
1
2
[µ+ (r+ −√r+r−)ω] +O(ω2), (20)
which gives the “in-going” and “out-going” coefficients, Cin ≡ C2 and Cout ≡ C1, respectively.
Now, we need to impose a boundary condition from the corresponding physical situation. In
general, two-independent boundary conditions can be imposed from the two equivalent pictures of
probing scalar fields under the black hole background. The first one is for the classical description
of black holes; a black hole can absorb the probing fields but nothing can escape from the event
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horizon, implying that the out-going coefficient near the horizon should vanish. The second one
is for the quantum-mechanical description of the black hole; the asymptotic observer can see the
quantum radiation coming from the black hole horizon, implying that the in-going coefficient at
asymptotic region should vanish. Both descriptions are equivalent and independent each other, so
we shall use the first one, i.e., Cout = 0 for convenience.
Here, if we use the transformation rule for the hypergeometric function in Eq. (18) [27],
F (a, a+ 1; c; z) =
Γ(c)(−z)−a−1
Γ(a+ 1)Γ(c− a)
∞∑
n=0
(a)n+1(1− c+ a)n+1
n!(n+ 1)!
z−n
× (ln(−z) + ψ(2 + n) + ψ(1 + n)− ψ(a+ 1 + n)− ψ(c− a− 1− n))
+ (−z)−a Γ(c)
Γ(a+ 1)Γ(c− a) (21)
where ψ is a digamma function and (a)n ≡ a(a+1)(a+2) · · · (a+n− 1) with (a)0 = 1. Then, the
transformed general solution in the leading order is
Φtrans(r) = Cin
(r − r+)α−
(r − r−)α−
Γ(1− 2α+) (r+ − r−)−α+−α−
Γ(1− α+ − α−)Γ(1− α+ + α−)
[
1−
(
β
r − r+
)
×
{
ln
(
r − r+
r+ − r−
)
+ ψ(2) + ψ(1)− ψ(1 − α+ − α−)− ψ(α− − α+)
}]
, (22)
which becomes in the limit of r →∞,
Φr→∞trans(r) = Cin
Γ(1− 2α+) (r+ − r−)−α+−α−
Γ(1− α+ − α−)Γ(1− α+ + α−)
[
1− β
r
ln r
]
. (23)
On the other hand, in the asymptotic region of r → ∞, the wave equation can be written in
the form of
Φ′′(r) +
2
r
Φ′(r) +
βˆ
r3
Φ(r) = 0, (24)
whose solution is given by the linear combination of the Bessel functions, Jν(x) and Yν(x),
Φasym(r) =
A1√
r
J1
(
2
√
βˆr−1
)
+
A2√
r
Y1
(
2
√
βˆr−1
)
(25)
where we define βˆ ≡ −β. It is found that the Bessel functions can be expressed in the form of the
following ascending series,
Jν(z) =
(z
2
)ν ∞∑
k=0
1
k!Γ(ν + k + 1)
(
−z
2
4
)k
,
7
Yν(z) = − 1
π
(z
2
)−ν ν−1∑
k=0
(ν − k − 1)!
k!
(
z2
4
)k
+
2
π
ln
(z
2
)
Jν(z)
− 1
π
(z
2
)ν ∞∑
k=0
(ψ(k + 1) + ψ(ν + k + 1))
1
k!(ν + k)!
(
−z
2
4
)k
. (26)
Thus, the asymptotic solution can be written in the polynomial form of
Φasym(r) ≃ Aˆ1 + Aˆ2
r
ln r (27)
where the coefficients are
Aˆ1 ≡ − A2
πβˆ1/2
, Aˆ2 ≡ −A2βˆ
1/2
π
. (28)
Comparing Eq. (23) to Eq. (27) leads to
Aˆ1 = Cin
Γ(1− 2α+) (r+ − r−)−α+−α−
Γ(1− α+ − α−)Γ(1 − α+ + α−) , Aˆ2 = −Aˆ1βˆ. (29)
Here, we decompose the ”in-going” and ”out-going” modes in the asymptotic solution by
defining Aˆ1 ≡ Ain +Aout and Aˆ2 ≡ ih(Aout −Ain). Then, we can rewrite the asymptotic solution
as
Φasymp(r) ≃ Ain
(
1− ih
r
ln r
)
+Aout
(
1 + i
h
r
ln r
)
, (30)
where h is a positive dimensionless numerical constant which will be taken to be independent of
the energy ω [28, 29]. Note that this constant can be chosen so that the absorption cross section
is described by the area of the black hole in the low-frequency regime [19, 28, 30]. On the other
hand, it can be chosen so as to have the usual value of the Hawking temperature [29] or to make
the sum of absorption and reflection coefficients be unity [31]. This ambiguity comes from the fact
that there exists an arbitrary freedom when we decompose the amplitude of the wave function into
in-going and out-going modes. However, this freedom can be chosen as a numerical factor that is
independent of the energy of probing fields by appropriate physical situations.
The absorption (A) and the reflection (R) coefficients are defined by the ratio of “in-going”
and “out-going” fluxes as
A ≡
∣∣∣∣ F innearF inasym
∣∣∣∣ , R ≡
∣∣∣∣∣F
out
asym
F inasym
∣∣∣∣∣ , (31)
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respectively. Note that the definition of the flux is given by
F = 2π
i
(r − r+)(r − r−)
[
Φ∗(r)
∂
∂r
Φ(r)− Φ(r) ∂
∂r
Φ∗(r)
]
, (32)
which yields the ”in-going” flux at asymptotic region and the ”in-going” flux near the horizon,
F inasymp = −4πh|Aout|2 ln rb, F innear = −2π|Cin|2(µ+ ω
√
r+(
√
r+ −√r−)), (33)
where rb denotes the boundary of AdS space. The reason why we set the spatial boundary of rb
is due to the fact that the real AdS boundary is not the same with that in the rotating frame.
Indeed as seen in Eq. (10), the radial coordinate r in the rotating frame linearly increases while
the radial coordinate of the standard BTZ black hole increases quadratically. So, the boundary
rb in the r-coordinate system at the real AdS boundary looks finite, which can be regarded as a
constant boundary surface we denoted as rb.
From Eq. (31), one finds the absorption coefficient in the s-wave sector,
A
µ=0 =
ωAH
4πh ln rb
|Cin|2
|Aout|2 . (34)
More specifically, the amplitudes can be computed in the low-frequency limit as
|Aout|2 = −|A2|
2(h2 + β2)
4π2h2β
, (35)
and
|Cin|2 = − |A2|
2sinhπαˆ+
2παˆ+sinhπ(αˆ+ + αˆ−)sinhπ(αˆ+ − αˆ−)
∣∣∣∣
µ=0
ω→0
≃ 2|A2|
2
π3ω2(r+ − r−)(√r+ −√r−)2 , (36)
where αˆ± ≡ −iα± ∈ R. Therefore, the ratio between ”in-going” and ”out-going” coefficients
becomes
|Cin|2
|Aout|2
∣∣∣∣
ω→0
≃ 2
π(r+ − r−) (37)
and the absorption cross section for s-wave modes in the low-frequency limit is found to be
σµ=0abs ≡
A
µ=0
ω
∣∣∣∣
ω→0
≃ AH (38)
where the parameter h is chosen to have an area as h = (2h(r+− r−) ln rb)−1. Note that the result
shows that the scattering cross section under the warped AdS3 black hole of the case of ν = 1 is
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proportional to the area of the event horizon, which is coincident with the usual case of the BTZ
black hole [28].
We have investigated the absorption cross section of propagating scalar fields in the limiting
case of the warped AdS3 black hole background called the critical limit of ν = 1. In the previous
study of the warped geometry (ν 6= 1), there is no limit of ν = 1 since the functional transfor-
mation of the hypergeometric function is ill-defined, which implies that we need to use a different
transformation rule in this case. It also implies that the asymptotic solution should be altered
and the corresponding ratio between in-going and out-going fluxes should be changed unlike the
ν 6= 1 case. In conclusion, the deformation of the absorption cross section for the warped AdS3
black hole is related to the warped geometry than the rotating coordinate effect, in other words,
it is irrelevant to the ergoregion.
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